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Abstract: We generalize the exact field theoretic correspondence proposed in [1] and em- 
bed it into the context of refined topological string. The correspondence originally proposed 
from the common integrable structures in different field theories can be recast as a special 
limit of the refined geometric transition relating open and closed topological string partition 
functions. We realize the simplest examples of the correspondence explicitly in terms of 
open-closed geometric transition. 
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1 Introduction 

Quantum vacua of supersymmetric gauge theories in different dimensions can sometimes 
share identical underlying mathematical structures, often these structures are associated with 
various integrable systems such as spin chains, Nahm equation or more generally Hitchin 
integrable system. Beyond being merely a mathematical coincidence, it is interesting to ask 
about the precise connection between these theories, which can lead us to uncover exciting 
new correspondences; moreover given many of the field theories have explicit realizations in 
string theory, we can also ask whether these correspondences have geometric origin. 

As an initial step, in [1, 2] a new exact correspondence between the quantum vacua of 
four dimensional J\f = 2 supersymmetric gauge theories and two dimensional J\f = (2, 2) 
gauged linear sigma models was proposed, as both sets of vacua can be identified with the 
eigenstates of the same quantum integrable Hamiltonian under specific conditions for the 
parameters. More explicitly, here we introduced the so-called Omega deformation in two of 
the four dimensions in the J\f = 2 gauge theory [3], and the resultant equivariant prepotential 
was proposed to be the Yang- Yang functional [4] for quantizing the classical integrable sys- 
tem from the Seiberg-Witten curve. Interestingly if we assign the appropriate matter contents 
and mass parameters to the gauged linear sigma model, the effective twisted superpotential 
also became the generating functional for the algebraic Bethe ansatz of the same integrable 
system. It seemed that such a correspondence emerges in a rather abstract or even unintuitive 
way, however through a Hanany-Witten type D-brane construction [6, 7] the two dimensional 
gauged linear sigma model can be interpreted as the world volume theory of the co-dimension 
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two defects or vortices in the four dimensional theory. It is this picture which allows us to 
explore the geometric origin of the correspondence. 

In this note we shall consider an alternative but equivalent string realization of the afore- 
mentioned field theories^. Using the refined topological strings[8-10] ^ it turns out that the 
theories on both sides of correspondence can be realized as open (2d) and closed (4d) refined 
topological string amplitudes respectively. From such a realization, the geometric origin 
of correspondence becomes manifest, that is we need to relate open and closed topological 
string amplitudes. This is precisely given by a refined generalization of "geometric transi- 
tion" proposed in [14], for some interesting recent work on refined geometric transition see 
also [15-18]. 

2 Nekrasov-Shatashivili limit and Saddle Point Approximation 

Here we begin by discussing the simple K-theoretic generalization of the exact correspon- 
dence proposed in [1, 2], and in the later sections we shall consider the realization of these 
gauge theories in the M-theory interpretation of the refined topological string, and how the 
exact correspondence discovered in [1] can be recast as a beautiful realization of refined ge- 
ometric transition. We can easily generalize the result proved in [2] by attaching to them a 
compactified of radius R, which can be identified with the M-theory cycle. As the result, 
on one side of the correspondence we have: 

Theory I: Five dimensional J\f = 1 Super symmetric QCD on R"^ x 5*^ with gauge group 
U{Nc), with Nc fundamental hypermultiplets of masses mi, I = 1,. . . Nc, and Nc anti- 
fundamental hypermultiplets of masses rhi, I = 1, . . . ,Nc. This theory carries a complex 
coupling T = ^ + £. 

Theory I here is subjected to a special limit of so-called Omega deformation in R"^ pro- 
posed by Nekrasov and Shatashvili [3], given by the following twisted boundary condition 
(x, x^) ~ (exp(i?r2)x, + 277 i?) with n = diag(el2, 02). We shall hereafter refer to this 
limit as "NS-limit" or "NS-deformation", this preserves three dimensional A/" = 2 supersym- 
metry in R^ x C R^ x . The NS deformation can be interpreted as turning on quantized 
electromagnetic flux fines in R'^, as a result the continuous Coulomb branch moduli space is 
now lifted to only a set of discrete points given by: 

ai = mi-nie, l = l,...,Nc. (2.1) 

Here {ai} are the vevs of the adjoint scalar in the vector multiplet, and G Z is the unit of 
quantized electromagnetic flux under /-th U (1) factor, and as discussed extensively in [1], the 

'More precisely, their K-theoretic generaHzations. 

^The equivalence between Hanany-Witten type D-brane and geometric engineering constructions [11, 12] 
of four dimensional Af = 2 supersymmetric gauge theories was first discussed in [13]. 
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condition (2.1) can be interpreted as the quantization of a special locus in the moduli space 
of Theory I. In particular when ni = (2.1) coincides precisely with the "root of baryonic 
Higgs branch" on the moduli space. 

On the other side of the correspondence, we now have: 

Theory II: Three dimensional J\f = 2 supersymmetric gauge theory on i?^ x whose 
gauge group is U{K), and matter contents consist of A^^^ fundamental chiral multiplets with 
masses Mi, 1 = 1,... N^, Nc anti-fundamental chiral multiplets with twisted masses Mi, I = 
1, . . . , Nc', and an adjoint chiral multiplets with twisted mass e. This theory also has a FI 
parameter r and a theta angle 9 which can be combined to form a complex parameter f = 
ir + and for later purpose we also define q = e^'^*^. 

The F-term vacua of Theory II can be extracted by minimizing the one loop exact effec- 
tive twisted superpotential calculated using the results in [5], and they are given by the Bethe 
Ansatz equation of inhomogeneous twisted XXZ spin chain: 



Here q = e^'^*^ = (— 1)^^=+^^ and {Xh} are the vevs of the adjoint scalar in the vector 
multiplet, and we have introduced the double index notation li, where {rii} satisfy "^i = 
K, this can be most easily understood from the D-brane picture that the theory is now in the 
Higgs phase and we are distributing K different vevs among Nc different mass parameters 
{Ml} [1], n; is the number of the vevs associated with M/. 

This three dimensional theory on x is precisely identified as the world volume the- 
ory of the BPS vortices living in the Theory I, which can be regarded as the ultra-violet limit 
of the co-dimension two surface operators featuring prominently in the various recent stud- 
ies on 2d/4d correspondence, beginning with [46, 47]. In contrast with the non-dynamical 
surface operators, which are insertions in the gauge theories, the vortices exhibit rich world 
volume dynamics and are known to capture the BPS spectrum of the underlying supersym- 
metric gauge theory where they are embedded [23]. Crucially such non-trivial dynamics also 
allow for the exact correspondence and its interpretation as a realization of refined geometric 
transition, that we shall review next. 

To extend the exact correspondence in [1, 2] which gives a one to one map between the 
chiral rings of certain four and two dimensional supersymmetric gauge theories, our starting 
point is the instanton partition function for Theory I computed by localization techniques 
in [19, 20] . This amounts to topologically twisting the gauge theory on Omega-deformed 
background and summing over the fixed points of the action of cohomological charges. The 
resultant expression is labeled by a set of Young diagrams. There are many equivalent ways 




(2.2) 
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to express the instanton partition function, thanks to the series of useful identities proven 
in [10]. We shall make use of many of them extensively throughout this note and refer 
interested readers to the proofs in their original paper. Here we begin by expressing it in 
terms of products of Pochhammer symbol [10, 29]: 

' .Ql 



|yj l,k=l 



(2.3) 



vv'here Y = (Fi, • • • , Yn^) is a set of Young diagrams whose columns satisfy Yn >Yi2> 
. . . , for the time being the number of the columns in each Young diagram can be arbitrary. 
The various quantities in this expression are defined as: 



(2.4) 



■ {Qq^^'>^H^-^;q)^ {QP~'+';q)J 



Yl (l-Qq^^'Hf'J-'+^^ Yl (l-Qq-f^'+'-H-^J+'Y (2.5) 



with {Z; g)i = nr=o^(l ~ ^q^) Pochhammer symbol and R the compactification radius. 
To take the NS-limit (ei, €2) — )■ (e, 0), we can apply the following identity : 

log(Z; q) 



00 - - E ^"L''^" Li2-^(Z) + log(l - Z) 



€2 ml 

m=U 



(2.6) 



where Bm are the Bernoulli numbers. The instanton partition function (2.3) at leading order 
of £2 expansion can now be written as: 



Z'^^'iQ; (ei,e2) ^ (e,0)) = Vexp -Ku^^t. (Xu,X^ 

{Y} 



(0) 
H 



(2.7) 



where n,^,t. [Xu, ) = y{Xu, X,,) - 3^ , 

y{Xu,X,,) = J2Xu\ogA' + (e«(^-^^^+^)) - Li2(e«(^"-^^^-^))] 



li kj 



- 5^5^ [Li2 (e^(^«-™^)) +Li2 (e«(^"--^-^))] 



(2.8) 



li k 
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and y (xf , Xg)) = y (Xu ^ X^\Xuj ^ Xg)) \ The new variables {X,,} and {xf } 
are defined as: 

Xii = ai + ie + Yiie2, X^^^ = ai + ie, Z = 1, . . . Xc, i = 1, . . . cx), (2.9) 

Notice that we are keeping the term Yiie2 which can be finite, as the length of the column 
Yii can still be infinite in the £2 — limit. Also in this limit the discrete {X^j} and {xg-*} 
become continuous distributions and using the standard matrix model techniques we can 
rewrite the Hamiltonian "Hinst. into the following functional: 

Tiinst. (^Xii, X^^^^ = I dxdyp{x)G{x - y)p{y) + j dxp{x)\og[qR{x)] (2.10) 

Here the various quantities are defined as: 

^ d ^ sinh(;^) ^ ^ Aix-t)Dix) 

k=l ^ ^ k=l ^ ^ fe=l ^ 

(2.12) 

and p(a;) is the density function which is constant and only non-vanishing on the the cuts 
J = [Ji- Xi^\Xii formed by the condensation of {Xu}. 

In the NS limit, the partition function Z™^*- is dominated by an infinite set of saddle 
points, as can be seen by the variation of density function p(x) or equivalently the end points 
{Xu}. However it was shown in [2] that we can truncate such infinite set by imposing the 
quantization condition on the cycles corresponding to the undeformed Higgs branch root 
condition (2.1). The quantization condition is equivalent to truncate the Young diagram Yu 
to only ni columns, i.e. 

FoTi>ni Xu = xi^\ ^ Yu = 0. (2.13) 

This truncation of Young diagrams can also be easily deduced from the second and third 
lines in the definition of MviYkiQ'^ (2.5) even before taking 62 —t- limit, to have non- 
vanishing partition function Z™*^*- when we impose vQi = Qff^^ it is necessary for Yu to 
have at most rii columns. The resultant set of {Xu} satisfies the following equation: 

D{Xu + e) _ _^S{Xu - e) of^^_T^T^ /^(^ " 



A{Xu~e) ^S{Xu + ey ^^^^^^ 



^W = nnsinh(^^^). (2.14) 



'Here we have also defined the modified dynamical scale: = ^■'^P (§ ~ "^fe) 



We recognize that up to re-definition of parameters, this is precisely the Bethe Ansatz Equa- 
tion for inhomogeneous twisted XXZ spin chain, in other words, the discrete vacua of Theory 
I in NS limit are in one to one correspondence with the eigenvectors of the twisted XXZ spin 
chain Hamiltonian. We will provide an alternative derivation for this equation from the dif- 
ference equation obeyed by the truncated instanton partition function momentarily. We can 
connect this result with Theory II by making the following identification between the two 
sets of parameters: 

Xii = \a + ]^e, mi = Mi + ^e, mi = Mi-^e. (2.15) 

As the equation (2.14) reduces to the one in (2.2) for Theory II, this establishes a precise one 
to one map between the vacua of Theory I and Theory II. One can also show that given the 
quantization condition (2.13) and the matching of parameters (2.15), the Yang- Yang gener- 
ating functional of the twisted XXZ spin (2.2), which is the twisted superpotential of Theory 
II, coincides with the functional (2.10) up to a perturbative piece. This is taken care of by the 
perturbative part of Nekrasov partition function for Theory I (see [2] for more details). 

The saddle point analysis we have reviewed so far allows us to establish an exact corre- 
spondence between the vacua of the compactified 5d and 3d gauge theories. Here we also 
study the difference equation obeyed by the truncated instanton partition function, and this 
provides an alternative derivation of the Bethe Ansatz Equation (2.14). The same difference 
equation also appears in the refined open topological string computation, from which we can 
derive the mirror curve for the associated toric geometries. We give an explicit illustration 
for this in Appendix B. Using the identity for Pochhammer symbols: 

{a;q)L = j^^, (2.16) 
we can further rewrite the instanton partition with truncated Young diagrams into 



11 (p-Xi,+m^.n\ 1111 



'Xu+^..q)^^^ 1111 (eXH-x,,^.^)^^^_^^^ 



(2.17) 



Here we have also defined the variable 



1/2 



andA^ = H^i ^k- The summation over {F}^ includes all possible vectors n = (ni,n2, ,nNj, 
and for each Young-diagrams of ni columns, we sum over their all possible lengths i. e. 
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Yii = 1, 2, . . . , oo. Now if we consider for given n, the difference between the two terms in 
(2.17) with Yini and Yini + 1 while all other Yn, {li} ^ {I'i'} remain fixed and equal, we can 
derive that, after various cancelations, the two such terms differ by an overall factor: 

11 I ''(I - e-^i'^'+'^feg-i) -l-_l (1 - e-^i'«'+^*^t)(l - e^i'^'-^^i) J ' 
We can also define the shift operators for Ui,: 

Tt^^^ = t^'^^^fe = e-^^^'^^^fe Tq-i^u^ = q-^'-^^k = e-'''^>=^^k, (2.20) 

such that Tt^u^Uk = tUk and Tq-i^jjJJk = q^^Uk- The extra factor (2.19) in fact equals to 
unity, since we are summing over Young diagrams with all column lengths. We can then read- 
ily write down the difference equation for the truncated instanton partition function (2.17) 
which obey: 



Nc rife 



k=i j=i 
-Uk(l - e-^"+'^ 



"+'^'=^g-,c/J 11(1 - e^"-^'=^Ti,t;J(l - e-^"+^'=^T,-i,^j}z-^*-(Q; g, t) = 0. 

(2.21) 

The Bethe Ansatz Equation for twisted XXZ spin chain can be readily recovered in the NS 
limit (ei, 62) (e, 0) from (2.19) , equivalently we can also recover the Yang-Baxter equa- 
tion by considering the following transfer function 

T{X) = {d{X)S{X + e) - A'A{X)S{X - e)} , (2.22) 

where various functions are defined in (2.12). Notice that the simple poles at X = Xn from 
1/S{X) in (2.22) are precisely canceled by {. . . } = at X = Xu in the numerator, as 
implied by setting (2.19) equals to one, and T(X = Xu) remains finite. This allows us to 
deduce the following quantum Yang-Baxter equation: 

[d{Xu)S{Xi, + eUudu,) - K^A{Xu)S{Xi, - eUudu,)] Z'^^MQ; l.t) 

= nXuW'^^'iQ^q^t) = Hsinh ^^^(^fLZ^'j Z-^t-(Q;g,t) . (2.23) 

k=i ^ ^ 

We can interpret this as quantized version of associated five dimensional Seiberg-Witten 
curve, and the expansion coefficients for the monomials of Xu should be interpreted as the 
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Figure 1. The IIA-brane construction for Four Dimensional Limit of Theory I 



commuting quantum conserved charge acting on the instanton partition function. We will 
later see that the truncated Nekrasov instanton partition function considered here can be 
re-interpreted as refined open topological string amplitudes, i.e. containing explicit toric 
brane insertions, through a refined version of geometric transition. Open topological string 
amplitudes are known to satisfy certain difference equation even in the unrefined limit and 
from this we can also read off the corresponding dual quantum mirror curve/geometry whose 
coordinates are promoted to differential operators [21]. The difference equation we derive 
here (2.21) serves precisely as such an example for the corresponding toric geometry with 
multiple toric brane insertions. The difference equation for the simplest case with single 
toric brane insertion and single non- vanishing equivariant parameter has been derived earlier 
in [16], we generalize this in Appendix B to the case when both equivariant parameters are 
non- vanishing. 

Let us discuss the connections between the two field theories considered here in more de- 
tails. Generically when the co-dimension two vortices/surface operators are introduced into 
the underlying gauge theory (such as our Theory I), we can classify the non-perturbative ef- 
fects in the resultant partition function into two different types. First we have the Yang-Mills 
instantons given by the self-dual field strength in the four/five dimensional gauge theory, but 
now have singularities along the world volume of the vortices"^. In addition we can now 
have the "sigma model lumps" [28] or "vortices within vortices" using the terminology in 
[7], they are constructed from the field strength which is restricted to the vortex world vol- 
ume, characterized by the topologically non-trivial map from the vortex world sheet onto the 
two cycles in the vortex moduli space. The quantization condition (2.1) with 7^ pre- 

"*More precisely what we mean by five dimensional instantons come from usual four dimensional instantons 
now smearing over compactified S^, i.e. an instantonic string. 
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Figure 2. The IIA-brane brane construction for Two Dimensional Limit of Theory II 



cisely corresponds to the limit where four/five dimensional coupling constant vanishes and 
simultaneously introducing vortices/sigma model lumps on the vortices^, therefore the bulk 
instantons decouple from the partition function, and the non-perturbative contributions come 
solely from sigma model lumps in the vortex world volume. This decoupling can be most 
easily seen from the D-brane pictures provided in Figures 1 and 2 at the root of baryonic 
Higgs branch, the NS5 branes can move off in the transverse 789 directions and the gauge D4 
branes become semi- infinite, and effective four dimensional gauge coupling vanishes. The 
BPS spectra of the vortex sigma model are quantum corrected by these sigma model lumps, 
and can be captured by the one loop exact twisted superpotential, as can be most easily seen 
from the weak coupling expansions [25-27]. In this note, we apply the alternative approach 
of geometric engineering [30] to realize these closely related gauge theories of different di- 
mensionalities in refined topological string theory. The corresponding amplitudes yields their 
respective partition functions, and refined geometric transition allows us to connect them. 



3 Truncated Partition Function and Surface Operators 

In this section, we shall first restore both equivariant parameters €1,2 and rewrite the trun- 
cated instanton partition function for Theory I (2. 17) into a form consisting few distinct parts, 
such that it is rendered suitable for subsequent discussion about the connections between our 

^In contrast if we only have the classical baryonic Higgs condition a/ = mi, this would only corresponds to 
decoupling the four/five dimension dynamics, and we would still need to put in vortices by hand. 

''We are ignoring the compactified : ^ + 2'kR for the time being, which can be incorporated 
through smearing configuration along the direction. 
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exact field theoretic correspondence and refined topological string computations. We argue 
that the general truncated instanton partition function can be readily reproduced by normal- 
ized refined topological string amplitudes with toric brane insertions, which in turns can be 
identified with gauge theory instanton partition function in the presence of surface opera- 
tors. In particular, the crucial quantization condition (2.1) is realized in refined topologi- 
cal A-model as the condition where the corresponding Kahler moduli in the corresponding 
toric geometry engineering the gauge theory become degenerate, i.e. shrinking to zero size. 
Such geometric singularities can be resolved by massless toric branes wrapping on the dual 
Lagrangian three cycles, this is precisely a realization of geometric transition or so-called 
"bubbling" [33]. 

It has been shown in [9, 10] that the instanton partition function for Theory I (2.3) can be 
reproduced from refined closed topological string partition function, the corresponding toric 
Calabi-Yau can be obtained by the successive blow-up of Aj^^^i ALE space fibered over P^, 
see Figure 3 for the simplest resultant toric diagram with = 2. We can identify gauge 
theory parameters in such geometry, the Kahler modulus/area of the base P-*^ gives the cou- 
pling/dynamical scales of the gauge theory, the Kahler moduli of the fibers or vertical edges 
give the difference between the Coulomb vev, and the Kahler moduli for the blown-up P^s or 
the tilted edges give the masses of the matter fields. As shown in [30], M-theory compactified 
on such toric Calabi-Yau times 5*^ gives an equivalent and complementary realization of The- 
ory I to the D-brane set up discussed earlier, in particular the instantons are now realized as 
M2 branes wrapping over M-Theory and base P-*^ in the toric Calabi-Yau, whose mass is 
now given by the sum of gauge coupling and KK-momentum. To compute the refined topo- 
logical string amplitude on such toric Calabi-Yau, so-called "refined topological vertex" was 
introduced and employed [8]. Explicitly we cut the toric diagram horizontally ("preferred 
direction") into left and right strips (so-called "strip geometry") and assign a Young diagram 
to each of the three toric legs meeting at every refined vertex [32], in particular the total num- 
ber of boxes in the Young diagrams for the horizontal legs give the instanton number in the 
resultant gauge theory. These Young diagrams specify the refined topological vertices for a 
strip geometry and the partition function can be obtained by multiplying together different 
vertices and summing over the intermediate Young diagrams, and glue together the left and 
right strips. 

For the time being however, we would like to first discuss the connections between our 
exact field theory correspondence and the generalization of geometric transition in refined 
topological strings. Let us consider the most general truncated instanton partition function 
(2.3) with Young diagrams Yi, I = 1, . . . , Nc containing finite ni E Tj columns. Here we can 
use another representation of the function A/y^y^ (Q; g, t) and its symmetry property as proven 



-10- 



\ 



Figure 3. The full glued geometry. 



Figure 4. The left strip geometry with fixed partitions 

in [10], 

My,yM.<l,t) = n 1 - g,-.ti-- = n 1 - Q,^~H^ ' (3.1) 
{*.i)=i {«j)=i 

to rewrite (2.3) into a suitable form for comparison with the open refined topological string 
computation. After some straightforward albeit tedious rewriting, we can decompose the 
truncated instanton partition function as: 

{yu 

Here = J^^Li^ih -^^^(g'', t, g) is the principal specialization of MacDonald 

polynomial given in the Appendix B of [10], xq^ = xq^^\ i = 1, 2 . . . oo. In the decompo- 
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sition (3.2), we have also defined: 



Ver. 



Nc oo 

n n r 

i>k (i,j)=i ^ 

Nc oo 

n n r 

i>k (i,j)=i 



n n 



Qi 



(3.3) 



A^c oo ]^ _ Qlq-j-f-l-i Nc oo I - yRl-qYli-jf^-i 

^ov = n n 1 _ Qi A-j.Yif^+i-i n n ~y^:A^^^h^' 

TTTT ^Qk^ ^ ^Qk TTTT " (3 4) 

LLLL (QL^jYu-Yk-ifj-i+l. (QLfj-i-ri) 1111 I - o,Qin-jfl-i - ^ 



and 



Nc ni Yu ^ 
^frame = TT IT IT ^ (3.^) 

Now we would like to discuss how these various components in the truncated instanton par- 
tition or closed refined topological string partition function (3.2) can also arise from refined 
open topological string partition function, in other words the refined version of geometric 
transition. In the M-theoretic construction of refined A-model open topological string, the 
surface operators/vortices on x are realized as a probe M5 branes wrapping on cer- 
tain Lagrangian three cycle in the corresponding toric Calabi-Yau (as indicated by dotted 
line in Figure 5.), and also stretch in the non-compact and M theory S^. There are one 
form gauge fields inside these Lagrangian three cycles, arising from the M2 branes wrapping 
on M-theory and a holomorphic two cycle with boundary on these wrapped M5 branes. 
The Kahler modulus of the two cycle M2s wrap on gives them their masses and it is identi- 
fied with the dynamical scale ~ e^'"*"' of vortex effective theory on x R^, they therefore 
precisely appear as the "sigma model lumps" running along the [15]. 

The MacDonald polynomial in the truncated instanton partition (3.2) precisely corre- 
sponds to the non-trivial holonomy or Wilson loop of the gauge field in the probe toric branes 
integrating along the boundary of the M2 brane, whose value is labeled by Young diagram 
Yu. It is also important to note that only when the quantization condition ai = nii — riie is im- 
posed in our original five dimensional Nekrasov partition function (2.3), we can combine the 
contributions from the hyper-multiplets and vector multiplet into a single MacDonald poly- 
nomial function, and deduce its interpretation as the holonomy of probe brane gauge field. 
This condition is precisely the degeneration of the Kahler moduli in the corresponding toric 
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Figure 5. Single Surface Operator Insertion 

Calabi-Yau for refine closed topological string theory, where toric branes emerge. This is a 
first indication that we can reproduce (3.2) from a refined open topological string partition 
function, where different toric brane insertions are represented by their holonomies. 

Turning on non-trivial holonomiesAVilson lines for the gauge fields on probe toric M5 
branes also implies that they are separated into different stacks labeled by / = 1, . . . , Nc, 
where different vevs {ai} give the positions for different stacks of toric branes now wrapping 
on different special Lagrangian three cycles. This matches with the interpretation that these 
toric branes are realized as surface operators as labeled by ai, and charged under different 
Abelian factors in the original five dimensional gauge theory. 

To apply the rules of refined topological vertex to configuration given in Figures 5 and 6, 
we can again multiply together different refined topological vertices with given set of Young 
diagrams and sum over the intermediate diagrams, this precisely generates the factor Zycr. in 
(3.2) which corresponds to a strip geometry. Different stacks of probe toric branes insertions 
are simply represented by their corresponding gauge holonomies, i.e. MacDonald polynomi- 
als {PyT(g'', t'^'-qP] While 2frame is the normalized framing factor independent of the 
gauge theory parameters, this was introduced in [9] to ensure the matching between the gauge 
theory and topological string computations. For a single stack of toric brane insertions, i.e. 
only one non-vanishing ni, this would have been the entire story. Indeed explicit open refined 
topological string partition functions have been calculated in [15, 16], and shown to be equal 
to closed refined topological string partition functions with degenerated moduli, establishing 
the simplest case of refined geometric transition. However we can have multiple stacks of 
toric branes and there are additional interactions between them, these are responsible for the 
generation of the remaining Zqy (3.4) in (3.2), which is the refined version of Ooguri-Vafa 
factor [35], from the corresponding refined open topological string partition function. 

Let us now discuss the origin of Zqy in some details. As we now have multiple stacks of 
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Figure 6. Two Surface Operator Insertions 



M5 branes wrapping distinct Lagrangian three cycles, we can also have M2 branes wrapping 
on a cylinder x Interval stretching between two of them, each one dimensional boundary 
of the annulus is charged under the gauge field in each stack of toric branes. In general, 
the stretched M2 branes can again give massive modes, however ground state/minimal en- 
ergy configuration occurs when the two Lagrangian three cycles intersects along a 5^ on the 
cylinder. The refined Ooguri-Vafa factor emerges precisely from the one loop determinant 
generated by integrating out these light M2 branes modes charged under the gauge fields in 
the both Lagrangian three cycles. The resultant factor depends on the gauge holonomy in 
each stack of toric branes the M2 branes can end on, and again labeled by the correspond- 
ing Young diagrams. In the unrefined limit the explicit form has been calculated earlier in 
[35, 36], while the refined generalization has also recently been derived in [17, 18] ^. The 
key feature of these results is that the Ooguri-Vafa factor can be expressed in terms of the 
power sum for the traces of holonomy matrices. 

In fact we can see Zqy can be written in such form by using the identity {1 — x) = 
exp[log(l - x)] = exp[- Yln=i v]' 1^1 < 1 ^ obtain 



exp 



X exp 



Nc oo _„ f n; 

V 



rik 



/>A; n=l L i=l j=l i=l j=l 

Nc oo -. f ni Uk rii 

- E E ^ E (o«"-'"=-r E m'-"V' - E E (Qti'-"T" 



n , 

IjLk n=l I, i=l 



i=l 



(3.6) 



^In addition we can regard the contribution from the hypermultiplets as gauge field in toric branes whose 
gauge coupling has been taken to zero, hence trivial holonomy. 
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Here the first line can be regarded as the one-loop determinant from integrating out M2 brane 
modes between two different stacks of toric branes, and Ym=i = Tr(f/") 

Qkt~ '=jg-'~^/^ j = Tr([/fc)~" are precisely the traces of the diagonal gauge 
holonomy matrix for each stack of toric branes as labeled by Young diagrams Yi and Y^. 
Similarly the second line of (3.1 1) comes from integrating out each stack of toric branes and 
the background "flavor branes" with trivial gauge honolomy ^. The double summation over 
empty Young diagrams in the second terms of both lines in (3. 1 1) are included here to obtain 
the relative normalization between the refined topological string amplitude and the gauge 
theory instanton partition function. Moreover using the matrix identity: 



det [1 - v-^U ® V-^] = exp [Trlog(l - v'^U O V"^)] = exp 



oo 

V 



n 

n=l 



(3.7) 

we can also rewrite the exponential summation into another familiar determinant form for 
the Ooguri-Vafa factor [18, 35, 36]. Finally using the summation identity for the MacDonald 
polynomials: 



^Px{{xi]]q,t)PxT{{-yj]]t,q) = - Xiyj) = exp 



oo ^ 
V -Pn{x)Pn{y) 



n 

n=l 



(3.8) 



where j)„(x) = J^i we can rewrite Zqy (3.11) precisely into the form for refined Ooguri- 
Vafa factor derived recently in [18] (See equation (2.6) of [18] ^). We conclude from the 
discussion above that Zqy in (3.2) can be generated from the open refined topological string 
partition function by inserting the appropriate Ooguri-Vafa factor. Conversely, via refined 
geometric transition, we can predict the Ooguri-Vafa factor from the degeneration of appro- 
priate closed refined topological string partition function. 

In the original D-brane picture, to generate precisely such refined Ooguri-Vafa factor, 
we need to have all the D2 branes corresponding to surface operators ending on the same 
regulating NS5 brane, otherwise we would instead generate quiver gauge group in the vortex 
world volume theory; via geometric engineering this NS5 brane is precisely mapped to a 
single additional "toric degeneration locus" such that all the inserted toric branes can end on 
[15] as indicated by the vertical line in Figures 6, the final result however does not depend 
on the position of the degenerated locus and can be taken to infinity. 

While we have not shown it explicitly here, let us comment about the relation between 
open topological string amplitudes and twisted superpotential of Theory II considered earlier. 



**The relative overall minus sign between the first and second lines of (3.11) comes from the opposite orien- 
tations between the toric branes wrapping on the internal toric legs and the background flavor toric branes. 



'Modulo a factor of dynamical scale which we have factored it out. 
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Figure 7. Geometric Transition with Single Toric Brane Insertion 



In [38] (see also [39]), localization techniques were applied to compute the partition for a 
class of two dimensional M = (2, 2) supersymmetric gauge theories, the resultant partition 
consists of an one loop perturbative part and non-perturbative contributions which can be 
interpreted as summing over the world sheet instantons/vortices. The final expression can 
be expressed as the exponential of integral over the equivariant deformation of the twisted 
superpotential obtained in [24]. More precisely as explained in [1] that we can identify 
the equivariant parameter ei transverse to the vortices as the adjoint hypermultiplet mass in 
vortex world volume theory, while 62 which is set to zero in NS limit, can be restored as the 
equivariant parameter in the vortex world volume theory when performing two dimensional 
localization computations (See [41-43] for more details). Moreover in the limit of vanishing 
equivariant parameter, the partition function reduces to the exponential of the on- shell value 
of the exact twisted superpotential computed in [24]. As discussed in [15], the open refined 
topological string partition functions for the toric diagrams such as Figures 5, 6 can reproduce 
the K-theoretic lift of two dimensional J\f = (2,2) partition function, we therefore expect it 
can also be expressed in terms of the K-theoretic lift of the deformed twisted superpotential 
for Theory II. Combining this with the fact that closed refined topological string amplitudes 
correspond respectively to the instanton partition of Theory I, we can readily interpret the 
exact correspondence between them as a manifestation of geometric transition in refined 
topological string. 

In the next section we will perform explicit refined topological string computations for 
the simplest non-trivial example to illustrate various points discussed in this section. 

Single Stack of Surface Operators : n = (0,0,. ..n^,.. .0,0) 

Here as a consistency check, we consider the single stack of toric brane insertion with only 
Us for the Abelian factor f/(l)s, they are labeled by a Young diagram with Ug columns, 
this should be regarded as a slight generalization of the refined geometric transition involving 
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single toric brane considered in [15, 16]. We first notice that Zqv now reduces precisely to 
unity, this is consistent with our interpretation of this configuration as single stack of Us toric 
branes insertion with holonomy given by Young diagram in the refined topological string 
partition function. Here there are no additional contributions from M2 branes stretching 
between different stacks of toric branes to generate such factor. The expression (3.2) now 
reduces to the following: 



W t\ l\ f=\ (l - f g^-^-H^-^^. ) 

(3.9) 

where Yfc = 0, /c 7^ s. In [3 1], a refined open topological vertex computation was sketched out 
for a single stack of toric branes with holonomy labeled by Young diagram Ys, inserted in 
the so-called T/v^ geometry which corresponds to "half" of the toric geometry engineering the 
SU (Nc), Nf = 2Nc gauge theory or "strip" geometry discussed earlier. The resultant open 
topological string amplitude was proposed to be given in terms of the so-called qt-deformed 
hypergeometric functions defined in [34] (see equation (5.20) of [31] for explicit definition), 
and the authors of [31] verified this proposal by considering the unrefined limit q = t of 
topological string computations. Here we immediately observe that in our case, by expanding 
out the denominators in the truncated five dimensional Nekrasov partition function (3.9) 
and matching the parameters, we can rewrite it in terms of the gt-deformed hypergeometric 
function defined in [31] as 

(^a = ~, a = l,...,N,, bp = \yf, P = 1, ■ ■ ■ s, . . . N, 



CI 



z^ = KH^-\ 7 = l,...,n„ (3.10) 

This matches with the expected expression in [31] for general (g, t). If we further set Ug = 1, 
the MacDonald polynomial reduces to Schur function and the resulting expression reduces 
for the refined topological string amplitude with single toric brane insertion obtained from 
the explicit computation in [16]. The observation here provides further confirmation to the 
refined geometric transition interpretation proposed here. 

Multiple of Single Surface Operators : n = (1,1, . . .,1,1) 

Another interesting case is when we have n = (1, 1, . . . , 1, 1), such that the truncated 
instanton partition function is now labeled by a set of Young diagrams of single column with 



^°Note that in [31], the convention used was {q,t) — (e^i,e '^^), this requires us to change conventions 
accordingly. 
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(A) 



(B) 



(C) 



Figure 8. Geometric Transition with Two Toric Brane Insertions 



lengths (Li, . . . L^., . . . ,LnJ- It is important to realize that the factor Zqy is no longer unity, 
but we have: 



ov 



n 



-tqi 



1-3 ' 



(3.11) 



This factor now comes from M2 brane modes stretching between different single toric branes. 
Combining with other factors, the truncated instanton partition function now reduces to 



iVc 



z""-W;9,*) = i;n'^''* 

{L} l>k—l v^i -y j^^ 

s=l 



Lk—Li 



|£| l,k=l r=l ^ 



QLfjr] 



, Qi . 



(3.12) 



We shall discuss how to reproduce this expression for Nc = 2 case from direct open refined 
topological string computation in the next section. 



4 Explicit Example of Refined Geometric Transition 

In this section, we calculate the closed and open refined topological string partition func- 
tions for the configurations given in Figures 3, 5 and 6 as an explicit illustrations of the 
refined geometric transition discussed in the previous section. Here in the closed topological 
string computation we shall consider = 2 and Nf = A , for general Nc the corresponding 
computation has been performed in [9, 10]. We review this simplest case to set the notations, 
and this is also sufficient to illustrate the connection between the geometric transition and ex- 
act correspondence between the gauge theories we proposed earlier. The discussion here can 
readily be generalized to higher rank cases. In Appendices A and B we specify the refined 
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topological vertex used in our computation and also derive the superpotential from the WKB 
limit of open refined topological string partition function. 

The Closed Refined Topological String 

First we consider the toric geometry given in Figure 3 and divide it into left and right 
strips We now apply the refined topological vertex Cx^u of [8], which is reviewed here in 
Appendix A, to the left strip geometry given in Figure 4. Assigning the Young diagrams Fi,2 
to the horizontal legs, we can write down the corresponding contribution as 

^YiY2 9') Qmi ) Qm2 ) Qfi ) = 

Ri V 

x5Z^i?I/7(v^^"''"9'0Sii-/7(^"V')^«3(-Q-2g"') (4.1) 

7 

where ^ ^ 

Z{Y^,Y2) = q'-^+'-^ ZY,{t,q)ZY2{t,q). (4.2) 

Using the Schur function summation identities the summation over intermediate Young dia- 
gram {-R3} in (4.1) can be evaluated as 

^YiY2 1'i Qrrii ; Qm2 ) Q fi ) = 

= ziY,, Y2) SB-iQm.Qht-'q-"^') E '^^/ n (-(V Qh)^~') 'R^/ vi-t-'Qh VqTt) 

Ri,2 V 

X J2 sr^/ ,{VW~qt-'^h-')s,{-Q^2q-') - Qm2q'-^-'^^t^-h (4-3) 

7 i,j 

"Notice that the identifications between {q,t) and equivariant parameters used in [9] was {q,t) = 
(e~^'\e^^^), in other words related to the identification used in (2.4) by {q,t) {t~-^,q~^) transforma- 
tion. However as the final expression can be written in terms of the function NviYk [Q'l 1: t) given in (2.5), 
which enjoys the identity Hi k=i ^YiYk {Q, — 11/ k=i ^y^y^ (Qi 9^^)' we merely need to take 

into account of the transpose of Young diagrams and exchange the columns and rows. We have also restored 
the radius R of in this section. 
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and proceeding similarly with summations over {-Ri,2} we arrive at 



This agrees completely with (3.2) of [9]. 

For the full geometry we glue the right hand part as in Figure 3. The right partition 
function can be given similarly as: 



^T||2 iivT||2 



^ A ^ 11^ II ll^ ll ~ 



{l-Qf,Q^,Pq^-^) 
The full partition function is therefore 

_ Q|yi| + |y2| ^yiY2^^i Qmp Qm2) Qh)^Yi,Y2i^^ Qmi, Qm2) Q fi) (4 6) 

Yi,Y2 ^0^0 Qmu Qm.2} Qfi)^O^oi^^ Qmi^ Qm2i Q fi) 

where we normalized it with respect to the partition function with empty Young diagrams in 
order to match with the gauge theory instanton partition function momentarily. Furthermore, 
we use the following conversion between geometric moduli and gauge theory parameters: 



Qi2 — QmiQfi — e 



-2Ra 



1 1 



Q^^ = e«('™2+")t2g 2 

Qi2 = QmiQfi = e 



Here a = ai = —a2 is the Coulomb branch parameter for SU (2) gauge group and we also 
introduced the masses of the fundamentals mi 2 and rh-i 2. After making such identification 
with the gauge theory parameters, we can recast the closed refined topological string ampli- 
tude as the instanton partition function for the five dimensional Af = 1 SU (2) gauge theory 
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with Nf = A flavors, i. e. the simplest case of Theory 1. For the later use, here we also recast 
the left strip partition function in terms of gauge theory parameters as: 



Z^^y^{t,q;a,mi,m2) = q" 2" +" 2" ZY,{t,q)ZY2{t,q) x 

00 / 



^ ^R(mi-a)-i-i-lq-Yii-\-j-^^^ _ ^R{'m2-a)p-l ^-Yxj^i^ 

X 



:i - e-2«<^t-^2T+ig-n,+i-i) 

^ 11 (I ^ QR{m2-m^)p-lqj\ ^"^'^^ 

i,j=l 

and similarly we can deduce that the contribution from right strip is given by: 



^yi,y2(^,9;«)^i)^2) = t" 2 ' +' "2' ZYT{q,t)ZYT{q,t) x 

_ QR{rhi-a)^i-lq-Yu+j^^'^ _ ^R{m2-a)p-l ^-Yij+i 



00 

X 



d _ (.-2Rai-Y^\+j-l(j~Y^,+i\ 
i,j=l ^ 1 / 

^ (1 _ e-R(.rhi+a)qj-l^-Y^^+i^^-^ _ ^ii(^rh2+a)p-lq-Y2,+j^ 

^ 11 (I _ e^(™2-Ai)^j^j-n ■ ^^-^^ 

In the full partition function the Kahler parameter of the base is identified in terms of the 
five dimensional gauge theory coupling r as Q = e^'^*^. The closed refined topological string 
can then be recast into the five dimensional gauge theory instanton partition function with 
N f = 2Nc, using the formulae provided in [10], see also [9, 10] for higher rank generaliza- 
tion. 

Open string partition function 

Let us now move to the open refined topological string amplitude, and first examine the 
simplest case of a single brane placed on one internal leg of the toric diagram, as shown 
explicitly in Figure 5. In this case Y2 = 0, and the MacDonald polynomial corresponding 
to the gauge holonomy reduces to a single power of toric brane position and the expression 
simplifies to 

Zopen = J2z\^'^Z^^,{t,q;Qm,,Qm2,Qh) (4.9) 

where the sum becomes restricted to single column partitions. Since we want to compare 
this with the normalized closed string partition function, let us also normalize the open string 
partition function as 

7 _ \Yi \ ^Yioity I'l Qmi, Qm2i Q fi) ^A^^^\ 

J p ^OOl''' yi Vmi5 Vm25 V/iJ 
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The insertion of a toric brane into left strip geometry precisely corresponds to the D-brane 
set up of Theory II via geometric engineering [15]. As pointed out in [15, 37] that refined 
topological string amplitude for such strip geometry with toric brane insertion can yield the 
K-theoretic lift of various two dimensional M = (2, 2) vortex partition functions. 

We compare this directly with the general form (4.6) of the closed string partition func- 
tion with the degenerate Kahler moduli a = —rhi = m2 + ei substituted. Let us now examine 
Zy^ y^/Z^Q in the resultant expression, first we can drop the summation over empty Y2, and 
the partition function simplifies into: 

ry sr-^ 2niT\Yi\^Yioi^^^''iQrni,Qrn2jQfi)ZYi,oi^>Q''iQrni,Qm2jQfi) //i i i \ 

■"^closed — / jij ^ ^ ^ V'^-J^J^J 

y^ ^Ofii^y 'ii Qmi: Qm2i Q fi)^OfliS'i 1'i Qmi, Qm2i Q fi) 

where the right strip contribution above reduces to 
for a given single column partition of length L, = 

L 

Z^jZ^,o = t'^Zyriq, t) - t'-'q)- (4.13) 

1=1 

Moreover for a single column Young diagram the framing factor Zy^ becomes: 

ZyT{q,t) = —j ^ . (4.14) 

' nti(i-^^-^?) 

This allows us to reduce the contribution from the right strip to just a framing factor t^^/"^. 
Thus the closed string partition function equals to the open string partition function up to a 
framing factor 



^closed 



g27riT|yi|^itjxI^ Zy^oit-, q; Qmi,Qm2, Q fi) (4 15) 

Zofiit, q] Qmi: Qm2i Qfi) 



Following the derivation outlined in [16] one can also easily find the effective superpotential 
and the associated Gaiotto curve from the open string partition function. This instructive 
computation is done in our Appendix B. 
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Two brane insertions and Geometric Transition 

Finally let us consider the insertion of two single toric branes on the two distinct internal 
legs of the toric diagram, as shown in Figure 6, the gauge holonomies on them are labeled by 
Young diagrams Yi and Y2 respectively. Applying the rule of refined topological vertex, the 
normalized partition function for this configuration can be written as: 

^pen = Trnt/Try,\/%JfM X Zov, (4.16) 

where Try^ U and Tryj V are gauge holonomies and the eigenvalue for the matrices U and 
V label the position of the toric branes, ZyiY^il^'^) / ZQQ{q.,t) is the normalized right strip 
contribution and Zqy is the refined Ooguri-Vafa factor. Denoting the positions of the two 
toric branes as 21 2 we obtain 

7 - \^ JYi\JY2\ ZY^Y2i(l^'t) 
[YiV,[Y2V ' 

Performing the summation for the single column Young diagrams of length Li and L2 this 
expression can be written as 



00 

2 X 



7 - \^ 

-^opon / ^ ^1 ^2 



Li,L2=0 
L 



L2+k\ 



X 



i:!. (1 _ e--R(™-i+'*)g^J+i)(l - e«("i2+a)gj-i) 

n (l-e--V^+i)(l-g.) ^ ^^-^^^ 

when Ll — )■ we get back the previous single brane open amplitude. 

Here we can generalize our study of geometric transition for single toric brane insertion 
directly to this case, for the closed refined topological string amplitude (4.6) we impose the 
following double geometric transition condition: 

a = —rhi — ei = m2 + e^. (4.19) 

In such a limit the left strip contribution ' remains intact in both the refined open 

(4.16) and closed (4.6) topological string partition functions, while as discussed in the previ- 
ous section, via geometric transition we expect the right strip contribution Zy^y^/Z,^ in (4.6) 
to match precisely to the remaining part of the open string amplitude. 
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Substituting the degenerate parameters from the double geometric transition directly, we 
find that both Yi and Y2 are now restricted to single column partitions. We obtain 




1-e 



-2Ra 



1 



00 



1 



(1-e 



2Ra^-L2+i-l 



n 




(4.21) 



i=l 



i=Lx+l 



Comparing this expression to to Zqy, from Figure 6 we can deduce it consists of M2 brane 
modes stretching between the two toric branes themselves and from each toric brane to the 
background flavor branes. We can then directly use the results for the refined Ooguri-Vafa 
factor in [18] and deduce that it precisely matches with the right strip contribution, which 
completes the refined geometric transition. 

5 Future Directions 

In this note, we interpreted the exact correspondence proposed in [1, 2], originally arising 
from connecting supersymmetric gauge theories sharing the same integrable structure as a 
realization of geometric transition in refined topological string. Here we would like to wrap 
up discussing some interesting future directions. 

Although we have only looked at the specific examples, the refined geometric transition 
analysis presented here in fact gives a general prescription for relating two distinct supersym- 
metric gauge theories, one with and the other without the vortices/surface operator insertions. 
Consider starting instead with a 4d linear quiver theory and arrange the Coulomb param- 
eters and bi-fundamental masses such that only partial gauge nodes in the quiver are on their 
baryonic Higgs roots. After the refined geometric transition we end up with a coupled 2d-4d 
system involving both the dynamics of vortices and residual 4d gauge theory. By decou- 
pling the vortex dynamics, this procedure also predicts the equivariant partition function of 
gauge theories with surface operator insertions, it would be interesting to verify these pre- 
dictions from the direct field theoretic localization computations. Moreover, to connect with 
the celebrated conjecture by Alday, Gaiotto and Tachikawa [45], it would also be interesting 

'^Note that we could have taken instead 



which would restrict Yi and Y2 both single column diagrams. So changing ei to €2 does a transposition on the 
tableaux . 



For example see section 3 of [2] and also section 3.2 of [44] for elliptic generalization, the simplest case of 
SU{2) X SU{2) was considered in [16]. 



a = -TOi - 62 = 7712 + 62 



(4.20) 
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to consider how these partition functions with general surface operator insertions and their 
non-trivial mutual interactions can be reproduced by the dual conformal field theories with 
appropriate vertex operator insertions [46, 47]. 

Another direction to consider is that through the presence of vortices, a 4d J\f = 2 
supersymmetric gauge theory can have two possible 2d dual theories, one is the supersym- 
metric vortex world volume theory extensively discussed here and the other one is the non- 
supersymmetric conformal field theory proposed in [45, 46], and so it is natural to consider 
their connections. A clue is that these two 2d field theories can both have connections with 
different integrable systems, such as the quantum spin chain from the quantum vacua of vor- 
tex theory considered here, and Gaudin model from the KZ equation in WZW conformal field 
theories [48, 49]. It turns out that these two distinct integrable models are related through 
what is known as bi-spectral duality in integrable system literature, such that the spectral 
curves and the degrees of freedom of two integrable system can be identified. Recently this 
duality has been apphed in [50-52] to verify the AGT conjecture in the NS limit. It would 
also be important to consider in the most general case where both equivariant parameter ci 2 
are non- vanishing, and how these 2d field theories can be related. 

Finally, in the presence of world volume equivariant parameter, the three dimensional 
supersymmetric vortex theory on R'^ x belongs to the class considered in [15, 53-55] 
where a 3d/3d duality with Chern-Simon theory was proposed. Exact quantities such as the 
index, the squashed three sphere partition function, and the Wilson loop expectation value in 
3d supersymmetric gauge theories can be mapped to the corresponding quantities in the dual 
3d Chern-Simons theory on various three manifolds. Given the exact 3d/5d correspondence 
proposed here, it is natural to ask whether there can be concrete connections between the 5d 
supersymmetric gauge theory and the 3d Chern-Simons theory, possibly through a chain of 
dualities in the refined topological theory. We hope to return to these directions in the near 
future. 
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Appendix A: The refined topological vertex 

Here we use the representation of the refined vertex presented in [8] and also used in[16] 

CR^R2R-A^,q) (5.1) 

(l|fl2llV|l-R3lP) (h?l + |fll|-|fi2l) 

where g = e""!, t = e^^ = j)ey(.^ ~'^) ^ 1 1^1 P ~ 1 1^"^! P ^^^^ Pn-q^t is the Macdonald 
function 

P^Tr'';g,t)=t^Z^(t,g) Z^(t,g)= J] (l - t'^^'^^+'g'^^-^)'' (5.2) 

{i,i)eR 

In the A-model limit q = t = e'^" this expression reduces to the topological vertex 
representation 

Cr,r,rM = s^T{q-'')Y,SRT, ,{q-''^-'')sR,/ .{q-"""-') (5.3) 

Appendix B: Superpotenial from the open string partition function 

Here we rewrite the single brane open string partition function in its simplest form. This 
is the explicit form of the normalized open string partition function appearing in [16] most 
suitable to extract the differential equation it obeys. We start with 

^Kq^^^) — 2_^z '71(^4.. ri n n \ ^ ' 

jy^ji -^OOv"' ' Vmi) Vm2) V/iJ 

Using that Yi are single row partitions, we can sum over all such partitions of a given length 
L. Rewriting as an exponential, and performing the sums we obtain 



Z{q,t) = Y,zH^\[ 



.=1 {l-q%l-e-^^-q^/t) 



oo 



(5.5) 



L=0 



Here we get perfect agreement with [16] (2.18), apart from the framing factor t^/^, which we 
can absorb in the rescaling of z y/tz}^ 



'^In [16] the framing factor disappears by the modification of the vertex rules with fi{{t,q) 
(„l)|flltl|fl^llV2g-||i?llV2^ as described in [9]. 
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Defining z = e "we get 

n _ ^L-l R{mi-a)\('\ _ L-l R{m2-a)\ 

e-^"^(") = ^ \' ,,,, J l^e-(^-^)"Z(^-^) (5.6) 

(1 - - e-2^"g^/t) 

This leads to the differential equation 

[(1 - e-2^'^g-^V^)(l - 9^^") - -2(1 - e^('"i-")g-^")(l - e^^'"^-")^-^")] Z^^*^" = 

(5.7) 

It is easy to read off the geometry from here. We note that the Nekrasov-Shatashvili limit of 
the full differential equation {t 1) is simply 

[(1 - e"2^"g"^")(l - g^^") - z{l - e^("^i-'^)g-^")(l - ^R(m2-a) ^-d^s^^ ^open ^ q ^^5 3^ 

as the t-dependence affects only in a single factor of the full differential equation. 

Let us first examine the i? — )■ limit. In the field theory limit q = t this was already 
worked out in [16], where the Gaiotto curve and the superpotential was extracted. Here we 
keep 



Taking the i? — )■ limit, we obtain for the partition function 

iei(2a + iei + €2 



^ A A 7V, I 9<i -I- -I- 1 



L=0 i=l 

and for the differential equation 

[-(2a - eidu + e2)ei9„ - 2:((mi - a) + ei(9„)((m2 - a) + eiC>„)] Zopen = (5.10) 

or 

[{z - l)eldl + (2a + 62 + z{mi - a) + z{m2 - a))eidu + z{mi - a)(m2 - a)] Zopen = 

(5.11) 

Taking the WKB limit 

Zopen = e-^'^(^)+- (5.12) 

we find almost the same differential equation for the superpotential as the field theory limit 
of [16] 

(;z-l)(9„iy(;z))^-(2a+e2+2(mi-a)+2(m2-a))9„W"(2)+2(mi-a)(m2-a) = (5.13) 

The difference is now in the £2 dependence, which can be absorbed as a shift in the parame- 
ters. Solving for W{z) which can also be identified with the twisted superpotential of the 2d 
gauged hnear sigma model after change of parameters, we obtain 

Tx./ A , / N , r Jal{z'^ - z') + alii - z') + alz' ^ , ^ 

W{z) = a2 \og{z) + «3 log 1 -z)± \. ""—dz' (5.14) 

J z'{l - z') 
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where 



a — mi = — «! + 0:2 — as 
-a — 7712 ^ ^2 = ai — 0:2 — as 

a + mi + e2 = ai + a2 + as (5.15) 



or 

mi — m2 



ai 



2 

a2 = a + — 

mi+m2 62 

"3 = ^ + Y (5-16) 

The shift can be absorbed in only one parameter, if we take the parametrization (ai, as — 
a2, as) for example. This also means that in the NS limit we obtain the same Gaiotto curve 
of 4d supersymmetric gauge theory, with a shift in its parameters'^. 

We can also get the mirror curve in the five dimensional geometry, after taking the NS 
limit we obtain 

i/(eP, e") + = (5.17) 

where 

p = —eidu [u,p\ = ei = h 

and 

H{eP, e") = (1 - e-^(2a+.2+p)^)^^ _ ^^Rp^ _ ^^^^ _ ^R{m,~a^p)^(^^ _ ^R{m2-a-p)^ ^5 -^3^ 

If we compare with the field theory (q=t) limit, we find the same superpotential as in the 
usual field theory with the parameters shifted as in four dimensions 

a — )■ a H 

2 

rrii ^ mi + — 

m2 ^ m2 + — (5.19) 

Hence the mirror curve should be given of that of the usual field theory geometry, with shifted 
parameters. 



16 



In the limit £2 — or superpotential becomes precisely that of (2.14) [16]. 
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